Abstract. We prove a Davies type double integral estimate for the heat kernel H(y, t; x, l) under the Ricci flow. As a result, we give an affirmative answer to a question proposed in [8] . Moreover, we apply the Davies type estimate to provide a new proof of the Gaussian upper and lower bounds of H(y, t; x, l) which were first shown in [6] .
Introduction
On a complete Riemannian manifold (M n , g ij ), the heat kernel H(x, y, t), is the smallest positive fundamental solution to the heat equation Heat kernel estimates is of great importance and interest due to its relation to many other properties of the manifolds, such as Harnack estimate, Sobolev inequality, Log Soblev inequality, Faber-Krahn type inequality, and Nash type inequality (see e.g. [21] , [9] , [12] , [4] , [18] , [5] ). Since the work of Nash [19] and Aronson [1] , many methods have been discovered for deriving Gaussian upper and lower bounds of H(x, y, t), see e.g., [7] , [18] , [10] , [13] , [11] , [17] . One of the methods was developed by Li-Wang in [17] . They obtained a Gaussian upper bound for H(x, y, t) based on the parabolic mean value inequality and the following double integral upper estimate of the heat kernel proved by E.B. Davies [11] : Theorem 1.1. Let (M, g) be a complete Riemannian manifold. For any two bounded subsets U 1 and U 2 of M, one has:
H(x, y, t)dµ(x)dµ(y) ≤ Vol
2)
where d(U 1 , U 2 ) is the distance between U 1 and U 2 .
In this paper, we consider the heat kernel of the time-evolving heat equation under the Ricci flow on a complete manifold M n , i.e., on M.
The existence and uniqueness of the heat kernel H(y, t; x, l) to (1.3) were proved in [14] and [8] . When M is compact, C. Guenther [14] obtained a Gaussian lower bound of H(y, t; x, l). For general complete manifolds, L. Ni [20] first obtained Gaussian estimates of H(y, t; x, l) assuming uniformly bounded curvature and nonnegative Ricci curvature along the Ricci flow. Q. Zhang [23] proved both Gaussian upper and lower bounds of H(y, t; x, l) for type I ancient κ-solutions of the Ricci flow with nonnegative curvature operator. In [22] , G. Xu removed the assumption on the nonnegativity of the curvature operator, and obtained similar Gaussian bounds of the heat kernel for general type I ancient κ-solutions of the Ricci flow. Assuming that M has nonnegative Ricci curvature and is not Ricci flat for all t, Gaussian estimates of H(y, t; x, l) were given by Cao-Zhang [3] . When the Ricci curvature is only assumed to be uniformly bounded, Chau-Tam-Yu [6] also showed Gaussian lower and upper bounds for H(y, t; x, l), but the constants in the estimates depend on more geometric quantities than the ones in Cao-Zhang's estimates (see [8] for more detail). While the authors in [6] and [8] mainly used Grigor'yan's method in [13] to prove the Gaussian upper bound of the heat kernel, they raised the following question:
Question: Is there a "Ricci flow" version of Davies' estimate as the one in Theorem 1.1?
Our main goal is to give an affirmative answer to the question above. More specifically, we prove Theorem 1.2. Let (M n , g ij (t)) be a complete solution to (1.4) on [0, T ) and T < ∞. Suppose that H(y, t; x, l) is the heat kernel of (1.3), and Rc ≥ −K 1 on [0, T ) for some nonnegative constant K 1 . Then for any open sets, U 1 and U 2 , with compact closure in M, and 0 ≤ l < t < T , we have
where C 0 is a constant depends only on n.
Using Theorem 1.2, we are able to provide a new proof of the Gaussian upper bound and lower bounds of H(y, t; x, l) which was first shown by Chau-Tam-Yu [6] . For the Gaussian upper bound, we have 
where constants C 1 , C 2 ,, C 3 and C 4 depend only on n.
Next, following a method of Li-Tam-Wang [16] , we can use a gradient estimate of Q. Zhang in [24] (see also [2] ) to show a Gaussian lower bound of H(y, t; x, l).
Then we have the following lower bound:
, where C 5 , C 6 , C 7 and C 8 are positive constants only depending on n.
This paper is organized as follows. In section 2, we review some known facts about the fundamental solutions of heat-type equations with metric evolving under a group of more general equations than the Ricci flow, including the existence, uniqueness and the mean value inequality. In section 3, we prove Theorem 1.2. The main idea is similar to that in the fixed metric case. However, since the heat kernel is not self-symmetric in this case, we use the symmetry between the heat kernel and the adjoint heat kernel instead. In section 4, we first use the method in [17] 
Preliminaries
In this section, we present some basic results regarding the heat kernel and adjoint heat kernel of time evolving heat-type equations. The readers can refer to [8] for more detail.
Let M n be a Riemannian manifold, and g ij (t), t ∈ [0, T ) and T < ∞, a complete solution to the following equation:
where A ij (t) is a time-dependent symmetric 2-tensor. Consider the following heat operator with potential:
where ∆ t is the Laplacian with respect to g ij (t) and
(1) H is continuous, C 2 in the first two space variables and C 1 in the last two time variables,
where H(y, t; x, l) = H(y, x, (t, l)).
The heat kernel for L is defined to be the minimal positive fundamental solution.
Definition 2.2. The adjoint heat kernel is the minimal positive fundamental solution
where G(x, l; y, t) = G(y, x, (t, l)), and A = tr g(l) (A ij ).
First of all, we have the following existence and uniqueness of the heat kernel and the adjoint heat kernel according to [14] and [8] .
n be a complete manifold, and g(t), t ∈ [0, T ) for some T < ∞, a smooth family of Riemannian metrics on M.
As in the fixed metric case, the heat kernel H(y, t; x, l) for L on M is the limit of the Dirichlet heat kernels on a sequence of exhausting subsets in M.
ii) H Ω (y, t; x, l) = 0, for y ∈ ∂Ω and x ∈ Int(Ω). Proposition 2.5 (see e.g. [8] ). Let Ω i ⊂ M be a sequence of exhausting bounded sets, and H Ω i (y, t; z, s) the Dirichlet Heat Kernel on Ω i . Then
Moreover, the heat kernel and the adjoint heat kernel satisfy the following important properties: Proposition 2.6 (see e.g. [8] ). With the assumptions above, we have
where Ω is an open subset in M with compact closure, and G Ω (x, l; y, t) is the Dirichlet heat kernel for the adjoint operator
Assume that there exists a metric g ′ and a positive constantĈ ≥ 1 such that
Define the parabolic cylinder:
where B g ′ (x, r) represents the geodesic ball of radius r centered at x in M with respect to the metric g ′ . By Moser iteration, Chau-Tam-Yu [6] got the following mean value inequality (see also [8] ): Theorem 2.7. In the above setting, assume that Rc(g
where C 1 , C 2 and C 3 are constants only depending on n,
A}.
Davies type estimate for the heat kernel under the Ricci flow
Assume that (M n , g ij (t)) is a complete solution to the Ricci flow (1.4) for t ∈ [0, T ) and T < ∞.
Denote by H(y, t; x, l) > 0, 0 ≤ l < t < T , the Heat Kernel of (1.3) under the Ricci flow, i.e.,
Then G(x, l; y, t) = H(y, t; x, l) is the adjoint Heat Kernel to the following conjugate heat equation:
where R is the scalar curvature of M.
In the remaining of this paper, we will use the following notations: B t (x, r) := B g(t) (x, r), Vol s (U) := Vol g(s) (U), dµ s := dµ g(s) , where U is a subset of M and dµ g(s) denotes the volume element of g(s).
Proof of Theorem 1.2. : Let Ω i ⊂ M be a sequence of exhausting bounded sets, and H Ω i (y, t; z, s) the Dirichlet Heat Kernel on Ω i . Since U 1 and U 2 are bounded, we may assume that (U 1 U 2 ) ⊂ Ω i for each i.
By Propositions 2.5 and 2.6, we have
where
and
G Ω i (z, s; y, t)dµ t (y).
Here G Ω i (z, s; y, t) denotes the adjoint Dirichlet Heat Kernel on Ω i . From Rc ≥ −K 1 , we have for any s ∈ [0, T ),
where d s (x, y) is the distance function at time s.
we have ∂ξ ∂s
Notice that
where we have used the Cauchy-Schwartz inequality for −u i ∇u i · ∇ξ and the fact that
where C 1 is a constant only depending on n. Hence, we have
It implies that, for large i,
we have
i.e.,
The Theorem follows from the fact that
A Gaussian upper bound of H(y, t; x, l)
Recall that by the Volume Comparison Theorem, we have the following Lemma (see e.g. [15] ): Lemma 4.1. Let (M n , g ij ) be a complete Riemannian manifold. If Rc ≥ −K 1 , for some constant K 1 ≥ 0, then for any point x ∈ M and any 0 < r ≤ R, we have
where B(x, R) is the geodesic ball of radius R in M centered at x. In particular, letting r → 0, we have
for some constant C only depending on n.
Since we have obtained a Davies type estimate in Theorem 1.2, similarly to the method in [17] , we can show a Gaussian upper bound of the heat kernel (see [6] ) by using the mean value inequality in Theorem 2.7. In the following, unless otherwise stated, C, C 0 , C 1 , C 2 , · · · , andC,C 0 ,C 1 ,C 2 , · · · all represent positive constants only depending on n.
Theorem 4.2. Under the Ricci flow, assume that
We have the following upper bound H(y, t; x, l) ≤
. Proof. We have by Theorem 2.7 that, for 0 ≤ l 0 < t 0 < T and r 0 with t 0 − l 0 ≥ 4r Then, G(x,l; y,s) satisfies
where ∆l is the laplacian with respect to the solutiong(l) := g(t 0 −l) of the backward Ricci flow:
Thus, according to Theorem 2.7, we have the following mean value inequality:
where 4r
H(y, s; x, l)dµ t 0 (x) dl dµ l 0 (y) ds.
, we have by Theorem 1.2 that
In the last step above, we have used Lemma 4.1 to get
for all t ∈ [0, T ). Since
.
Therefore, we get
The rest of the proof of Theorem 1.3 follows [6] . We include them here for the purpose of completeness. The following Lemma shows an L 1 bound of the Dirichlet heat kernel. 
for any x, y ∈ int(Ω).
the Lemma follows immediately.
Since the heat kernel on a complete manifold is the limit of the Dirichlet heat kernels on a family of exhausting open subsets of the manifold, Lemma 4.3 implies that Corollary 4.4. Let (M n , g t ), t ∈ [0, T ), be a complete solution to the Ricci flow (1.4). Then we have the following estimates for the heat kernel H(y, t; x, l) and the adjoint heat kernel G(x, l; y, t): 
Proof. In Theorem 2.7, by choosing the parabolic cylinder P g(l) (y, t, r 0 , −(r 0 ) 2 ) with
, we have
By (4.4), we can see that
Hence,
Similarly, using (4.5), we can get 
